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Abstract. For a > — 1, let A\ be the corresponding weighted Bergman 
space of the unit ball in C n . For a bounded measurable function /, let 
Tf be the Toeplitz operator with symbol / on A^. This paper de- 
scribes all the functions / for which Tf commutes with a given T 9 , 
where g(z) = z 1 1 ■ ■ ■ z„ n for strictly positive integers Li, . . . , L n , or 
g(z) = |zi| si ■ ■ ■ |zn| STl /i(|2|) for non-negative real numbers si,...,s„ 
and a bounded measurable function h on [0, 1). 



1. Introduction 

As usual, for any z = (z\, . . . , z n ) G C n we denote its Euclidean norm by 
\z\, which is \J\z\ | 2 + • • • + \z n \ 2 . Let B n denote the open unit ball consisting 
of all z G C n with \z\ < 1. Let v denote the Lebesgue measure on B n 
normalized so that v(B n ) = 1. Fix a real number a > — 1. The weighted 
Lebesgue measure v a on B n is defined by dv a (z) = c a (l — |z| 2 ) Q d^(z), where 
c a is a normalizing constant so that v a (M n ) = 1. A direct computation 

shows that c a = — ^~ — — T . For 1 < p < oo, let La denote the space 

T(n + l)T(a + 1) 

LP(B n ,dv a ). Note that is the same as L°° = L°°(B n ,d^). 

The weighted Bergman space consists of all functions in l? a which are 

analytic on B n . It is well-known that A a is a closed subspace of L a . We 

denote the inner product in l? a by (•, -) a and the corresponding norm by 

II • h,a- 

For any multi-index m = (mi,...,m n ) G N ra (here N denotes the set 
of all non-negative integers), we write \m\ = mi + ••• + m n and ml = 
mil ■ ■ ■ m n l. For any z = (z\, . . . , z n ) £ C n , we write z m = z™ 1 ■ ■ ■ z™ n and 
z m = z™ 1 • • • z™ n . The standard orthonormal basis for is {e m : m € N n }, 
where 



T(n + \m\ + a + 1) 



1/2 

z m , m G N n , z G 



ml r(n + a + 1) 
For a more detailed discussion of A a , see Chapter 2 in [9] . 

Since A a is a closed subspace of the Hilbert space L a , there is an or- 
thogonal projection P a from L a onto A a . For any function / G L 2 the 
Toeplitz operator with symbol / is denoted by Tf, which is densely defined 
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on A 2 a by Tfip = P a (fip) for bounded analytic functions ip on B n . If / is a 
bounded function then Tf is a bounded operator on A^ with ||^~y|| ^ ||,/||oo 
and (Tf)* = Tf. However there are unbounded functions / that give rise to 
bounded operators Tf. If / is an analytic function then Tf is the multipli- 
cation operator on A 2 a with symbol /. The Toeplitz operator Tf in this case 
is called analytic. It is clear that if both / and g are bounded and analytic 
or conjugate analytic (that is, / and g are analytic) then TfT g = T g Tf. 
Also if there are constants a, b not both zero such that af + bg is a con- 
stant function then it is clear that Tf and T g commute. In the context of 
Toeplitz operators on the Hardy space of the unit circle, A. Brown and P. 
Halmos [3] showed that these are the only cases where the operators Tf 
and T g commute. For Toeplitz operators on the Bergman space of the unit 
disk, the situation becomes more complicated. The above Brown-Halmos 
result failed. In fact, if f,g are radial functions, that is, f(z) = f(\z\) and 
g(z) = g(\z\) for almost all z, then both Tf and T g are diagonal operators 
with respect to the standard orthonormal basis, hence, they commute. The 
problem that we are interested in is: if Tf and T g commute on A^, what 
is the relation between the functions / and g? Despite the difficulty of the 
general problem, several results have been known for Toeplitz operators on 
the Bergman space of the unit disk: 

(1) If g = z N for some N > 1 then / is analytic (Z. Cuckovic [5]). This 
result was later extended to the case where g is an arbitrary non- 
constant bounded analytic function by S. Axler, Z. Cuckovic and N. 
Rao in g]. 

(2) If / and g are bounded harmonic functions, then either both func- 
tions are analytic or both are conjugate analytic or af + bg is a con- 
stant for some constants a and b not both zero (Axler and Cuckovic 

(3) If g is radial then / is also radial (Cuckovic and Rao [6]). In the same 
paper, they also characterized all bounded functions / such that Tf 
commutes with T g where g(z) = z mi z m2 for integers mi, 777,2 > 0. 

In this paper we generalize the results in (1) and (3) to Toeplitz operators 
on weighted Bergman spaces of the unit ball in higher dimensions. Let 1- 
denote the C*— algebra generated by {T g : g £ L°°}. In addition to the 
result in (1), Cuckovic [5] showed that if S is a bounded operator on the 
Bergman space of the unit disk such that S belongs to T and it commutes 
with T z n for some integer N > 1, then S = Tf for some bounded analytic 
function /. The following theorem generalizes this result. 

Theorem 1.1. // S is an operator in T that commutes with T l 1 l„ for 

some integers L\, . . . ,L n > 1, then there is a bounded analytic function f 
on B n so that S = Tf. 

Due to the complicated setting of several variables, Cuckovic and Rao's 
result in (3) no longer holds when 77 > 2. We will see later that if f(z) = z\Zi 
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then Tf commutes with all T g whenever g is a bounded radial function (a 
function h on B n is called a radial function if there is a function h : [0, 1) — »■ C 
such that h(z) = h(\z\) for almost all z G B n ). In fact, we will show that if g 
is a non-constant bounded radial function then Tf commutes with T g if and 
only if / satisfies f(e l8 z) = f(z) for almost all z G B n and almost all 

Throughout the paper, an operator on A 2 a is said to be diagonal if it 
is diagonal with respect to the standard orthonormal basis of A 2 a . In one 
dimension, all diagonal Toeplitz operators arise from radial functions. In 
higher dimensions, in order to get all diagonal operators we have to replace 
radial functions by functions that are invariant under the action of the n- 
torus on B n . More precisely, it was showed in [7] that for / G L°°, the 
operator Tf is diagonal if and only if f(zi,...,z n ) = f(\z\\, . . . ,\z n \) for 
almost all z G B n . Even though we are unable to describe all the functions 
/ G L 2 such that Tf commutes with a given non-trivial diagonal Toeplitz 
operator T g , we have been successful in doing so when the function g is of the 
from g{z) = |z| 2si • • • |z n | 2s "/i(|2;|), where s\, . . . ,s n > and h is a bounded 
function on [0, 1). The technique we use involves results about the zero sets 
of bounded analytic functions on the open unit disk. See Section [3] for more 
detail. 

Let V denote the space of all analytic polynomials in the variable z = 
(z±, . . . , z n ). Then V is dense in A 2 a . The following theorem is our second 
result in the paper. 

Theorem 1.2. Let g be a non- constant function inM n such that for almost 
all z G M n , g(z) = \zi\ 2si ■ ■ ■ \z n \ 2Sn h(\z\) with h a bounded measurable func- 
tion on [0, 1) and s\, . . . , s n > 0. Then for f G L 2 , TfT g = T g Tf on V if 
and only if f(e l9 z) = f(z) for almost all 6 G M, almost all z G B n , and for 
1 < j < n with Sj ^ 0, f(zi, ■ ■ ■ , \zj\, Zj+i, . . . , z n ) = f(z) for almost 
all z G B n . 

2. Commuting with analytic Toeplitz operators 

The following result is well-known and its proof for the one dimensional 
case is in Proposition 7.2 in [TO]. The proof for higher dimensional cases is 
similar. For the reader's convenience, we provide here the proof. 

Lemma 2.1. Suppose f = fi + f2, where /i,/2 G A 2 a , such that ||/p||2,« < 
-^IMh.a for all analytic polynomials p, where M is a fixed positive constant. 
Then H'/IU < M. 

Proof For any z G B n , let k%{w) = (1 - |z| 2 )( n+a+1 )/ 2 (l - (w, z ))-( n + a +\) 
for w G B n . Then k" is a normalized reproducing kernel for A\. This 
means ||^|| 2 , a = 1 and (g,k%) a = (1 - \z\ 2 )^ n+a+1 ^ 2 g{z) for all g G A 2 a . 
See Chapter 2 of [9] for more detail. Since is analytic in a neighborhood 
of the closed unit ball, there is a sequence {p s }'^ = i of analytic polynomials 
converging uniformly to k" on IB^. It then follows that lim — /^^||2,a — ^ 
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0. Hence (fk^,k^) a = lim (fp s ,k^) a . Now for any integer s > 1, we have 

s^oo 

K/P.,*£)a| < WfPsh, a < M\\p 9 \\ 2 , a . So we conclude that \{fk?,k?) a \ < 
lim M||p s || 2Q = M||££|| 2q = M. On the other hand, 

{fk z ,k z ) a = (fik z , k z } a + {f'2k z , fc^ } a 

= (1 - |z| 2 )( n+1+a )/ 2 /i(z)^(z) + (1 - |z| 2 )( n+1+Q )/ 2 / 2 (z)A:°(z) 

= /i(s) + / 2 (*) = /(*)■ 

So from the above inequality, \f(z)\ < M for any z Gl n . This shows that 
, < M. □ 



For any multi-indexes m, k G N ra , there is a positive real number d(m, k) 
such that e m efc = d(m, k)e m+ k- Strictly speaking, d(m, k) must be written as 
dn,a(fn, k) because it depends also on n and a. But to simplify the notation 
and since n and a are fixed throughout the paper, we drop the sub-indexes. 

It is immediate that d(m, k) = d(k, m) and d(0, k) = d(m, 0) = 1 for 
m,k G N n . Also for any m,k,l G N ra , since (e m ek)ei = e m (efce/), we have 

d(m, k)d(m + k,l) = d(m, k + l)d(k, I). (2.1) 
Using the explicit formulas for e m and e&, we obtain 

2 _ T(n + \m\ + a + 1) I> + |fej + a + 1) (m + k)\ 
11 ' ,j " r(n+|m| + |fc| + a + l) T(n + a + l) m! A;! ' 1 j 

The following lemma characterizes analytic Toeplitz operators on A 2 a in 
terms of its matrix with respect to the standard orthonormal basis. Even 
though the matrix of an analytic Toeplitz operator is not the usual analytic 
Toeplitz matrix, it becomes one after scaling each matrix entry by a factor 
depending on the position of the entry. 

For an n— tuple of integers r = (r±, . . . ,r n ) G 7L n we write r y if 
r i, ■ ■ ■ j r n > and write r ^ if otherwise. For m,k G N n we write m y k 
(respectively, m^h) if m — /c ^ (respectively, m — k ^ 0). 

Lemma 2.2. Suppose S is a linear operator (not necessarily bounded) on A 2 a 
whose domain contains the space V of all analytic polynomials. Then there 
is a function f G A 2 swc/i that Tf = S on V if and only if (Se m , ek) a = 

whenever k >£ m and for any I G N n ; — r-(Se m , e rn+ i) a is independent of 

d[l,m) 

m G W. 

Proof. Suppose / G A\ and it has the expansion f = Yl a i e i- Then for 
any m in N", we have 

Tfe m = fe m = ^2 aieie m = ^ ajd(/, m)e m+J . 



Therefore, {T f e m ,e k ) 



if fc ^ m 

aid(l,m) \ik = m + l. 
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This shows that if S = Tf on V then {Se 

m^k)a — whenever k ^ m and 

for any I G N n , — -(Te m , e m+ i) a = a/, which is independent of m. 

d(l,m) 

Now suppose S has the above property. Let ai = (Teo,ei) a for each I in 

N n . Then by assumption, a/ = — — -(Se m , e m+ i) a for all m in N n . We 

a(z, m) 

have 

^2 \ a i\ 2 = ^2 \( Se o,ei) a \ 2 = \\Se \\l ;a < oo. 
So the function f = Yl 

q,i&i is an element of A^ and we have (Tfe m , e k ) a — 

zeN™ 

(Se m , e k ) a for all m, fe in N n . Hence Tf = S on V. □ 



Suppose / G N n is a multi-index. For any m, A; G N n we have 

(T ei e m ,e k ) a = d(l,m){ei +m ,ek) a : 



if k 7^ / + m, 

d(l, m) if k = I + m. 



This implies T ei e m = d(l,m)ei +rn and T Sl e k 



if k £ Z, 

d(<*, — l)ek~i if k y I. 
For any linear operator S on ^ whose domain contains the space of all 
analytic polynomials, we have 



([S, T ei \e m , e k ) a — {ST ei e m , e k ) a (Se m ,T ei e k ) a 

/() iik^l, 



d(l,m)(Se m+ i,e k )c 



d(l, k — l)ek-i if k >z I. 



This shows that for m,k G N n , 

([S,T ei ]e m ,e k ) a = d(l,m)(Se m+ i,e k ) a iik^l, (2.3) 
and {[S,T ei }e m ,e k+ i) a = d(l,m){Se m+h e k+t ) a - d(l,k){Se m ,e k ) a . (2.4) 

Lemma 2.3. Suppose that S is an operator (not necessarily bounded) on 
A 2 a whose domain contains V and that S commutes with T eL where L = 
(Li,...,L n ) £ W l with Li,...,L n > 1. Suppose I G N n such that the 
operator K = [S, T ei ] is a compact operator on A 2 a . Then for any m,k G N n 

we have ^jT-j\ (Se m+l , e k+ i) a = (Se m ,e k ) a . 

Proof. Since S commutes with T eL , it commutes with T esL for any positive 
integer s because T esL is a multiple of (T eL ) s . Then ()2.4p implies that for 
any m, k G N n and s G N, 

d(sL,m) _ 

d(sL fc) m + s -^' ^k+sL/a — dk) a- 
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Now for any m, k £ N n , and s £ N, 
d(l, m) 



d(l,k) 



d(l,m) d(sL,m + l) . d(sL,m) . . 

d(l,k) d( S L,k + l) ^ e m+l+sL,e k+l+ sL)a ~ ^ fc) (^ m+sil e h+sL ) a 

d(sL,m)d(sL + m,l) d(sL,m) 
d(sL, k)d{sL + k, I) ( be ™+i+sL,e k+ i +sL ) a - d ^ k) {Se m+sL ,e k+sL ) a 

- d(sL + A;, l)(Se m+sL , e fe+sL ) Q | 



d{sL,k)d{sL + k,l) 
d(sL, m) 



d(sL,k)d(sL + k,l) 
Now using (|2.2p we have 

d(sL, m\ - 2 



(Ke s L+m, e s L+k+l)a- 



d(sL,k)d(sL + fc,Z). 

T(n + s\L\ + a + 1) T(n + |m| + a + 1) (sL + m)\ 

~ r(n + s|L| + |m| + a + 1) T(n + a + 1) (sL)! m! 

r(n + s|L| + + a + 1) T(n + a + 1) (sL)! fc! 

X r(n + ijZj + a + 1) T(n + [jfej + a + 1) (sL + k)\ 

r(n + s|L| + |fc| + |Z| + a + 1) T(n + a + 1) (sL + k)\l\ 

X r(n + s\L\ + \k\ + a + l) T(n + \l\ + a + 1) (sL + k + l)\ 

-Cinamkl L) ?(n + s\L\ + \l\ + \k\ + a + 1) {sL + m)\ 
-C(n,a,m,k,l,L) — - — - — - - - - {gL + k + l)l 

n 

&C(n,a,m,k,l,L)(s\L\)W+W-W IJ(sL J -) m, ~*'~ lj 

(by Stirling's formula for the Gamma function) 
= C(n, a, m, k, I, L). 

This shows that — — — t : — rr is bounded when s — > oo. On the other 

d(sL,k)d(sL + k,l) 

hand, lim {Ke s L +m ,e s L +k+ i) a = because K is compact. So we conclude 

that d ^™} (Se m+ i,e k +i) a = (Se m , e k ) a for all m, k G N n . □ 
d[l, k) 

Proof of Theorem \l.l[ Put L = (L\, ... ,L n ). Then by assumption, S com- 
mutes with T eL . Since S belongs to X, it is well-known that [S,T ei ] is 
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compact for all / G N (see [I] for more detail). Now Lemma 12.31 shows that 
d(l, m) 



d(l,k) 



■(Se m+ i,e k+ i) a = (Se m , e k ) a for any m,k,l G N n . 



Put m = we see that for each k G N n , ————(Sei,ek+i) a = (Seo,ek) a , 

d(l,k) 

which is independent of I G N n . 

Now suppose m,k G N n such that k ^ m. Then there is an integer 
1 < j < n, so that fe,- < m^. Consider first the case fcj = 0. Put / = 
(Li, . . . , Lj-i,Lj — 1, Lj+i, . . . , L n ). Then we have k + l ^ L but m + l > L. 
Hence, 

_ ri(Z,ro) . 

d(l,m) 

-{Sl eL e m+ i_L, ek+i)a 



d(l, k)d(L, m + I 


-L) 


d(l, m) 




d(l, k)d(L, m + I 


-L) 


d(l, m) 




d(l, k)d(L, m + I 


-L) 



(T eL Se m+ i_L, eu+l)a 

(Se m+ i_L,Te L ek+i} a = 
since T SL e k+ i = 0. 

Now consider the case kj > 0. Let k = k — kj5j and rh = m — kjSj, where 
Sj = (Sij, . . . , S n j). Then k, rh are in N n and = kj < rhj. We have 

(Se m , ek)a = (Serh+rrijSji e k+ mj S j )a 

d(mj5j,k) . 
a{mjdj,m) 
= (by the case considered above). 

By Lemma 12.21 there is a function / G A 2 a so that S = Tj on the space of 
analytic polynomials. Since S is a bounded operator, Lemma 12.11 implies 
that / is bounded and ||/||oo < Consequently, S = Tf on ^ because 
they are bounded operators that agree on a dense subset of A\ . □ 

We now discuss the necessity of the condition L%, . . . , L n > 1 in Theorem 
11.11 When n = 1 this condition is necessary because X obviously contains 
non-analytic Toeplitz operators that commute with T eo = /. For the case 
n > 2, we will show that there is an operator 5 in T such that S commutes 
with T Z1 , . . . ,T Zn _ 1 but it does not commute with T Zn . Recall that for 1 < 
j < n, Sj denotes (S±j, . . . , S n j). 

Proposition 2.4. Suppose n > 2. For any if G A 2 a , define 



Sip = S( ((p,e m ) a e m ) = ^2 d(m,5 n )(<p, e m ) a e m+ s n . (2.5) 



meN™ m£N° 
m„=0 
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Then the following statements hold true: 

(1) S is a compact operator on A\ and hence it belongs to %, 

(2) S commutes with T Zl , . . . , T Zn _ 1 , 

(3) S does not commute with T Zn and hence S is not an analytic Toeplitz 
operator. 

Proof. From the definition (|2.5h of S, we see that Se m = d(m, 6 n )e m +s n if 
m n = and Se m = if m n > 0. For any m € N n with m n = 0, formula 
(P gives 

2 T(n + \m\ + a + 1) T(n + |«J n | + a + 1) (m + <J n )! 



(d(m,5„)y 



T(n+ |m| + |<5 n | + a + 1) T(n + a + 1) m!<5 n ! 
r(n + \m\ + a + 1) T(n + a + 2) (m + 5 n )! 
r(n + |m| + a + 2) T(n + a + 1) m! 
(n + a + l)(m„ + 1) 



n + |m| + a + 1 
n + a + 1 



since m n = 0). 



n + |m| + a + 1 

Thus, lim d(m,5 n ) = 0. This shows that the operator S is not only 

\m\— +oo 
m n =0 

bounded but also compact on A 2 a . On the other hand, it is well-known that 
X contains the ideal of compact operators on A 2 a (see [1]). Hence 5 belongs 
to X. 

Now let j be an integer in {1, . . . , n — 1}. For m € N n we have 
ST es .e m = S(d(m,5j)e m+Sj ) 

{0 if m n > 

d(m,8j)d(m + 5j,5 n )e m+ s J+ s n if "i n = 0, 

^ J if m n > 

e,5j m 1 T ej _. (rf(m, ^)e m+ 5 n ) if m n = 

JO if m n > 

|d(m,<5 n )d((5j,m + <5 n )e m+ a n+ ^ if m n = 

JO if m n > 

|d(m, 5j)d(m + 6j, 5 n )e m+ s n+ 8 ] if m n = 0. 

Thus ST ex e m = T e , Se m for all m £ N n . This shows that 5 commutes with 
T ea . (hence T z .) for 1 < j < n — 1. Now for m £ N n with m n = 0, we have 

ST eSn e m = S(d(5 n ,m)e m+ s n ) = 0, 

T e6n Se m =T eSn (d(m,S n )e m+Sn ) = d(5 n ,m + 5 n )d(m,5 n )e m+2 8 n + 0. 

This shows that <ST e;t 7^ T e „ S, so S 1 does not commute with T e , . Since 
T Zn is a nonzero multiple of T e& , S 1 does not commute with T~ either. □ 
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3. Commuting with diagonal Toeplitz operators 

In the first part of this section we use results from complex analysis of one 
variable, more precisely, results about zeros of bounded analytic functions 
on the open unit disk, to obtain some function-theoretic results which are 
crucial for the proof of Theorem 11.21 The proof of Theorem 11.21 itself will 
be presented at the end of the section. 

For the rest of the paper, N* denotes the set of all positive integers. For 
any 1 < j < n, let crj : N* x N™ -1 — ► N" be the map defined by the 
formula <Tj(s, (n, . . . ,r„_i)) = (n, . . . ,rj_i,s,r,-, . . . ,r n _i) for all s G N* 
and (ri, . . . , r n _i) G N™ -1 . If M is a subset of N" and 1 < j < n, we define 

M j = {f=(r 1 ,...,r n _ 1 )GNr 1 : £ J^T[ = °°}- 

Definition 3.1. We say that M has property (P) if one of the following 
statements holds. 

(1) M = %, or 

(2) M ± %, n = 1 and — — < °°> or 

s£M 8 + 1 

(3) M ^ |, n > 2 and for any 1 < j < n, the set Mj has property (P) 
as a subset o/N" _ . 

The following observations are then immediate. 

(1) If M C N* and M does not have property (P) then J2 s <em 7TT = °°' 
If M C N" with n > 2 and M does not have property (P) then Mj 
does not have property (P) as a subset of N™ -1 for some 1 < j < n. 

(2) If Mi and Mi are subsets of N™ that both have property (P) then 
Mi U Mi also has property (P). 

(3) If M C NJ has property (P) and I G Z n then (M + I) fl N" also has 
property (P). Here M + 1 = {m + I : m G M}. 

(4) If M C l n has property (P) then N* x M also has property (P) as 
a subset of N" +1 . This can be showed by induction on n. 

(5) The set does not have property (P) for all n > 1. This together 
with (2) shows that if M C N™ has property (P) then N?\M does 
not have property (P). 

Proposition 3.2. Let K denote the right half of the complex plane. Let 
F : K n — > C be an analytic function. Suppose there exists a polynomial p 
such that \F(z)\ < p(\z\) for all z G K n . Put Z{F) = {r G N" : F(r) = 0}. 
If Z(F) does not have property (P), then F is identically zero in K n . 

Proof. Suppose F is a function that satisfies the hypothesis of the proposi- 
tion and that Z(F) does not have property (P). We will show that F{z) = 
for all z G K n by induction on n. 

Consider the case n = 1. Write p{\z\) = oq + • • • + ad\z\ d for some 
positive integer d. For z£l, since max{|z|, 1} < \z + 1|, we have < 
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(|o | + • • • + \a d \)\z + l\ d . Let G{z) = F{z)/{z + l) d for z£K. Then G is a 
bounded analytic function on K and Z{G) = Z{F). Now define 

h( z ) = gQ±?) (N<i). 



Then is a bounded analytic function on the unit disk. We have H{6) = 

r-l 
r+1 



for all 6 = ^ with r G Since 



E a-iei)> E (i-I^tD- E 



oo, 



'r + lv ' r + 1 ' r + 1 

tf(0)=O reZ(G) reZ(G) reZ(F) 

Corollary to Theorem 15.23 in [8] shows that H is identically zero on the 
unit disk. Thus G is identically zero in K, which implies that F is identically 
zero in K. 

Now suppose that the conclusion of the proposition holds whenever n < N 
for some integer N > 1. Consider the case n = N + 1. Since Z{F) does not 

have property (P), Z(F)- does not have property (P) for some 1 < j < N+l. 
Without loss of generality, we may assume that j = N + l. For any f in 
Z(F) N+V put Mf = {s G N* : (f» G Z(F)}. Then £ ^ = cx>. Put 

F f (C) = F(f, C) for C G K. Then Ff is analytic in K with Z(F f ) = Mf and 
l-^HOI — P{\(?i 01) f° r an C £ K. Since Mf does not have property (P), the 
proposition in the case n = 1 implies that Ff(Q = for all ( G K. Hence 
we have F(r, () = for all C € K and all f G Z(F) N+1 . But Z{F) N+1 does 
not have property (P), the induction hypothesis shows that = for 

all C G K and all z G K N . Thus F is identically zero on K N+1 . □ 

Lemma 3.3. For any function f G L 1 (B„, df ) and any I G Z n , pu£ 
Z(f, l) = {meN n :m + lh0 and J f{z)z m+l z m Au = 0}. 

If Z(f,l) does not have property (P) then it is the set of all m G W 1 with 

Proof. Suppose I = (li,..., l n ) where lj G Z for j = l,...,n. Put I* = 
(\h\,...,\l n \), l + = \\l* + l) and r = \{l* - I). Then h and 

I = l + — l~ . Also, for any m G N n , we have m + I y if and only if 
m — l~ >: 0. For m G Z(/, £)> P u t k = m — l~ , then A; ^ and 

0= / f{z)z k+l+ z k+l ~dv = [ f(z)z l+ z l ~\z 1 \ 2kl ■■■ \z n \ 2k "Av (3.1) 

f{z)z l+ z r \z 1 \ 2kl ■■■\z n \ 2kn du. (3.2) 



|«l|,-,|Zn|>0 
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For any C = (Ci, • • • , Cn) G K n , define 

F(C)= / /(z)^ + z r |^i| 2Cl ---kn| 2C "d^. 



|zi|,...,|«„|>0 

Here for a complex number w and a real number t > 0, t w = exp(u;logi), 
where log is the principle branch of the logarithmic function. Since < 1 
for all < t < 1 and w G C with $t(w) > 0, the function F is well-defined, 
bounded, and in fact continuous on K n . Now an application of Morera's 
Theorem shows that F is analytic on K n . 

Next, (J3U shows that F(k) = for all k G Z(/, l) — l~. Since Z(/, does 
not have property (P), Z(F) = {r G N™ : F(r) = 0} does not have property 
(P) either. Proposition 13.21 and the continuity of F on W 1 now imply that 
F(C) = for all ( 6 K n . In particular, (JXT]) holds for all fc G N n . The 
conclusion of the lemma then follows. □ 

Corollary 3.4. Suppose f £ L 1 (B n ,dz^) suc/t i/iat /or a// / G Z ra i/ie se£ 
Z(f,l) (as in Lemma \3.3\) does not have property (P). Then f(z) = for 
almost all z G B n . 

Proof. Lemma ESI shows that Z(f,l) = N n n (N n - I) for all I G Z n . This 

m,k e N n } is dense in C(B n ) we conclude that /(#) — for almost all 
z G B n . □ 

Corollary 3.5. Let 7 = (71, . . . , 7 n ) 6e an n-tuple of integers and let f be 
in L 1 (B n ,d^). Then the following statements hold true. 

(1) If for almost all z G B„, f(e hl6 z 1 , . . .,e hnd z n ) = f{z) for almost all 
9 G M, then whenever I = . . . , l n ) G Z n u>ii/i 71/1 + • ■ ■ + 7rJn 7^ 0, 

we We / f{z)z m+l z m dv(z) = /or a// m G N ra tciifc m + / >r 0. 



(2) // the set Z(f,l) = {m G N n : m + / >r and j f{z)z m+l z m dv = 

B n 

0} does not have property (P) whenever I = (h,...,l n ) G Z n with 
Jih + • • • + 7rJn 7^ i/ien /or almost all z G B n> /or almost all 9 G M, 
we We /(e i7l %, . . . ,e^ e z n ) = f(z). 



2n 



Proof Define g{z) = — [ f(e hlt zi, . . . , e hnt z n )dt, for z G B n such that the 
2vr 7 


integral on the right hand side is defined. Since / G L 1 (M n ,dv), g(z) is 
defined for almost all z G B n and for such z, g(e me z\, . . . ,e 17n6, z n ) = g(z) 
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for all e £1, Now for I G II 1 and m G N n with m + Z h 0, 

5 (z)z m+/ z m dz;(z) 



2tt 



/{^/ f(e hlt zi,...,e i ~<" t z n )dt}z m+l z m d»(z) 

B n 
2tt 

^/{/ f{^ lt zi,...^ t z n )z m+l z m du}dt 





2tt 



= ±-J {J f(z 1 ,...,z n )z m+l z m dv}e- i( -"< lll+ -"<" l " )t dt 

B n 

(by the invariance of the measure v under the action of the n— torus) 



it 


2tt 






y e -i(7lil+-+7nin)t ( J^ ( 
I 


//(,1,- 


,z n )z m+i z"Mz/) 




if 71/1 + • 


• • + 7»A / 


7 


f( Zl ,...,z n )z m+l z m du 


if 71/1 + • 


• ' + iJn = 0. 











If for almost all z G B n , for almost all G M, /(e^Zi, . . . ,e i7 " e z n ) = /(z) 
then /(z) = g(z) for almost all z G B n . The above computations then show 

that J f(z)z m+l z m du(z) = for all m G N n with m + / ^ 0, whenever 

B n 

Now suppose Z) does not have property (P) whenever 71/1 + • • • + 
Inln 7^ 0. Then from the above computations, for all I G Z n , the set of 

all m G N n with m + / £ and ^ (/(z) - g{z))z m+l z m dv{z) = does not 

B n 

have property (P). Corollary 13.41 now shows that f(z) = g(z) for almost all 
z G B n . Hence for almost all z G B n , we have /(e i7l6 *zi, . . . ,e i7n6 z n ) = /(z) 
for almost all 9 G M. □ 

For C = (&>••• >Cn) G C ™ we write S C for Cl + ••• + Cn- If m = 
(mi, . . . , m n ) G N n is a multi-index then we use the more common nota- 
tion \m\ for mi + • • • + 777 n instead of Em. 

For any bounded measurable function g on B n , any m G N n , and a > — 1, 
define 



u a (g,m) = (T g e m ,e m ) a = / g(z)e m (z)e m (z)dv a (z). 



COMMUTANTS OF TOEPLITZ OPERATORS 



13 



The following theorem characterizes all I G Z n such that the set {m G N n : 
m + I y and w a (s, m + I) = ^a(g, m)} does not have property (P), when 
g has a special form. 

Proposition 3.6. Suppose g{z) = |zi| 2si • • • |z n | 2s "/i(|z[) for z G B n , where 
si, ■ ■ ■ , s n > and h : [0, 1) —* C is a bounded measurable function. Assume 
that g is not a constant function on B n . Then for I = (h, ■ ■ ■ ,l n ) £Z n with 
SZ = and si?i = • • • = s n l n = 0, we /iaue u> a (g,m + I) = uj a (g,m) for all 
m G N n with m + l y 0. Conversely, if I = . . . , Z n ) G Z n swc/i t/iai i/ie set 
{m G N n : m + I y and uj a (g,m + /) = uj a (g,m)} does not have property 
(P) then Til = and s\l\ = ■ ■ ■ = s n l n = 0. 

Proof. We first notice that when n = 1, if g(zi) = |zi| Sl /i(|2;i|) then we may 
rewrite g{z\) = h(|zi|) where = t Sl h(t) for < t < 1. By this reason 
we always assume that si = if n = 1. 

We next recall the following formula. For any A = (Ai, . . . , A n ) G C n with 
5R(Ai), . . . , 3£(A n ) > -1, we have 

/ 101- ■ ■ ■ IC„r<MC) . r( " )r(A ' r ; 1 j s y A ' + 1> . (3.3) 

The case A G N n is in Lemma 1.11 in [9] and in fact the same argument 
works also for the general case. 

Now for A = (Ai, . . . , A n ) G C n with ft(Ai), . . . , 5?(A n ) > -1, we have 

\z l \ 2X ^--\z n \ 2X -h{\z\)dv a {z) 



1 

2nc a y r 2 "" 1 ! y Ki| 2Al ••• |rC„| 2A "da(C)}/i(r)(l - r 2 ) a dr 

s„ 

2nc Q r(n)r(Al + 1) --- r(A - + 1) /r^^-^r)(l-r»)«dr 
r(n + EA) J 
o 

r(n + i)r(Ai + i)---r(A n + i) } rn+EA _ 1; 

r(n + SA) 7 
o 

r(n + a + 1) r(Ai + !)•■■ T{X n + 1) j ^^/^ _ ^ 



L / t (r 1 / 2 )(l_ r )°dr 



r(a + l) T(n + SA) 



o 



since c Q 



(3.4) 
r(n + a + 1) 



r(n + l)r(a + l)' 
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Put s = (si, . . . , s n ). For any w € C with > 1, define 

1 

H(w) = r |7 + " + , 1} / r^-^(r 1/2 )(l - r)«dr. (3.5) 

o 

Arguing as in the proof of Lemma 13.31 we see that H is analytic on the 
half plane 9?(u>) > 1 and is continuous on ^R(w) > 1. By the asymptotic 
behavior of the Gamma function at infinity and the boundedness of h, there 
is a polynomial p such that \H(w)\ < p(\w\) for all $l(w) > 1. 
For C = (Cl, • • • , Cn) € C n with 3?(Cj) > 0, define 

Then F is analytic in the interior of its defining domain and for any m = 
(mi, . . . , m n ) in N n , we have 

u a (g,m) 

T(n + \m\ + a + 1) 



r (n + a + 1 )Ili=i r K + 1 ). 
T(n + |m| + a + 1) 

r(n + a + i)n- =1 rK + i) 

1 t r r(mj + Sj + 1) 



g(z)z m z m du a (z) 

| Zi |2( S i+mi) . . . \ Zn \^+^)h(\z\)dv a {z) 



i=i J 

= F(m). 

Suppose / = (Zi,...,Z n ) € Z n such that si?i = ••• = s n l n = and 
£Z = 0. Then for all m € N n with m + I ^ we have 



r(mj + sj + 1) 



r(mj + Ij + + 1) 



T(mj + 1) 

for 1 < j < n, and \m + Z| = \m\ + £Z = |m|. Hence we 



r(m i + /j + 1) 

have oj a (g, m + Z) = F(m + Z) = F(m) = uj a (g, m) for all such m. 

Conversely, suppose / = (Zi,... ,Z n ) G ^ n such that the set {m £ N n : 
m + Z >: and w tt (j, to + I) = u> a (g, to)} does not have property (P). Then 
the set {m £N n :m + l^0 and F(m + 1) = F(m)} does not have property 
(P). By Proposition O we see that F(( + Z) = F(C) for all ( e C" with 
3f?(Cj) > max{0, = 1, . . . , n. This implies that for such 

We now show that si/i = 0. If s\ = 0, there is nothing to show. So 
suppose si > (then we must have n > 2). We will show that l\ = 0. 
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Assume for contradiction that l\ ^ 0. We consider here only the case l\ > 0. 
The case l\ < can be handled is a similar fashion. Since l\ > 1, equation 
(|3.6p gives 

(Ci + *i + 1) • • • (Ci + si + h) II ^ ±j ± 1} g(n + SC + SQ 

= (a + 1) • • • (Ci + to n r( ^ s iiV ) g ( n + m 

Now choose m = (7712, • • • , ?7t n ) such that rrij > max{l, 1 — lj} for all jf = 

1 

2, . . . , m and such that ^ r n+l ™ l+s/+Es ~ 2 /i(r 1/2 )(l-r) a dr / 0. It is possible 



to do so since h is not identically zero on [0, 1). Then with ( = (d,m), (|3.7[) 
gives 

(Ci + s 1 + l)-..(C 1 + s 1 + l 1 )fi r ^ + S ^ l ^. 1) H(n + C 1 + \rh\ + U) 

r(m j + ij- + 1) 

= (Ci + 1) • • • (Ci + h) ft r( ^/ + ^ + 1) g (" + Ci + H), 

for all Ci £ C n with 3?(Ci) > 0. Since each side of the above identity is in 
fact an analytic function of (j on 9?(Ci) > max{l — n — \rh\ — Tl, 1 — n — \rh\} 
(which contains —1), the identity still holds true for £1 = —1. Therefore, we 
get 

Sl(si + 1) . . . (si + h _ i) fi r(m +, +^ + 1) + + u _ = 

which is a contradiction because the left hand side is nonzero by the choice 
of m2, • • • , m n- Thus we have l\ = 0. Similarly, we have Sjlj = for any 
j = 2, . . . , n. Now equation (|3.6p becomes H(n + T( + £Z) = il(n + ££) for 
all (gC with 3?(Cj) > max{0, -Zj}, j = 1, . . . , n. Let w = n + T(. Then 
$l(w) > max{n, n — Tl} and H(w + Tl) = H(w). 

We now show that Tl = 0. Assume for contradiction that Tl 7^ 0. By 
changing w to w + XZ if necessary, we may assume that Tl > 0. Since -ff is 
periodic and analytic in 3ff(u>) > n, it extends to a periodic entire function on 
C which we still denote by H. Now for a complex number w with 5?(u>) < 71, 
choose a number k G N such that K(u>) + fe(EZ) < n < $l(w) + (k + l)(Tl). 
Then we have 

\H(w)\ = \H(w + (k + 1)(EZ))| < p(\w + k{Tl) + Tl\) < q(\w + k(Tl)\), 

for some polynomial q with nonnegative coefficients. Now since k(Tl) < 
n — %t(w) <n + \w\, we have q(\w + k(Tl)\) < q(\w\ + k(Tl)) < q(n + 2|u;|). 
Hence \H(w)\ < q(n + 2\w\) when ?R.(w) < n. Now when $t(w) > n, we have 
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\H(w)\ < p(\w\). In general, for any t»eC, 1-^(^)1 < q(n + 2| + 
Since H is entire, it must be a polynomial. But H is also periodic, so it 
must be a constant function. We conclude that there is a constant c so that 



T(w + a + 1) f W+Es _i 

r> + £ S ) y 



for all w G C with > 1. 

Suppose Es = (hence si = • • • 



/i(r 1/2 )(l-r) a dr = #(w) 



s n = 0). Then from the identity 



1 



r(ui + a + l) 
T(w)T(a + 1) 



r w_1 (l -r) a dr, 



we conclude that 



(^-fcSTn)^ 1 -') *- 

c 



with 5RO) > 1. Thus, 



for all it! G C 



for almost all i E [0, 1). This shows 



T(a + 1) 

that 5(2;) = is a constant function on IB n , which is a contradiction. 

Now suppose T,s > 0. Then for w = u £M with u > 1, we have 



T(u + a + l) 



r(n + Ss) 



r u+Ea_1 /i(r 1 / 2 )(l - r) a dr 



< 



T(u + a + 1) 



(1 - r) a dr 



T(u + Es) 



r(tt + a + 1) T(a + l)r(n + £«) 
D T(n + Ss) r(n + Ss + a + l) 
r(a + l)r(n + a + l) 
D r(n + Ss + a + l) 
3 T(a + l)u 



by Stirling's formula for the Gamma function. Let u — > 00, we get c = 0. So 
1 



wc 



have y r tt+Ea_1 /i(r 1/2 )(l-r) a dr = for all w G C with U(w) > 1. This 



implies that /i(r) = for almost all r G [0, 1). Hence g(z) = for almost all 
z G B n , which is again a contradiction. Thus we have S/ = 0. □ 

We are now ready for the proof of Theorem 11.21 

Proof of Theorem \1.2\ Since g(z%, . . . , z n ) = g(\zi\, ■ ■ ■ , \z n \) for almost all 
z G B n , Theorem 3.1 in [7J shows that the Toeplitz operator T g is diago- 
nal with respect to the standard orthonormal basis. The eigenvalues of T g 
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are given by u> a (g,m) = {T g e m , e m ) a for m G N n . Note that uj a (g,m) = 
u a {g,m) for all such m. 

Now T f T g = T g T f on V if and only if for all I G 7L n and m G N n with 
m + l y 0, 

= (CTfTg - T g T f )e m+ i, e m ) a 

}a (3.8) 

= (u a (g,m + l) - uj a (g,m))(T f e m+ i,e m ) a . 

Suppose f(e ie z) = f(z) for almost all 6 G M, almost all z G B n , and for 
1 < i < n with Sj 7^ 0, /(zi, . . . , Zj-i, \zj\, zj + i, . . . , z n ) = f(z) for almost 
all z G B n . Let Z = (Zi, . . . , l n ) be in Z" . If SZ ^ or for some 1 < j < n, 
SjZj 7^ (hence Sj 7^ and Zj 7^ 0) then conclusion (1) of Corollary 13.51 
shows that {Tfe m +i, e m ) a = for all m G N n with m + Z ^ 0. If SZ = and 
sil\ = ■ ■ ■ = s n l n = 0, Proposition 13.61 shows that u) a (g,m + Z) = uj a (g,m) 
for all m G N n with m + Z ^ 0. Thus ([S3]) holds for all Z G Z n and m G N n 
with m + Z ^ 0. Therefore T/T g = T g Tf on P. 

Now suppose TfTg = T g Tf on V. Let Z = (Zi, . . . , l n ) be in Z n such that 
£Z 7= or Sjlj 7^ for some 1 < j < n. Then Proposition 13.61 shows that 
the set {m G N n : m + Z y and uj a (g,m + I) = u> a (g,m)} has property 
(P). Since (j3.8f) holds for all m G N n with m + Z ^ 0, we conclude that 

the set {m G N n : m + Z y and ^ /(z)z m+/ z m (l - |z| 2 ) Q di/(z) = 0} does 

Bn 

not have property (P). This is true whenever Z G Z n such that EZ 7= or 
SjZj 7^ for some 1 < j < n. Conclusion (2) of Corollary 13.51 now implies 
that for almost all # G M. and almost all z G B n , we have f(z) = f(e l8 z) = 
f(zi,...,Zj_i,e ie zj,Zj+i,...,z n ) for any 1 < j < n with Sj 7^ 0. This 
shows that f(e lS z) = f(z) for almost all 9 G R, almost all 2 G B n , and for 
1 < j ' < w with 7^ 0, /(zi, . . . , Zj+i, • • • , z n ) = f(z) for almost 

all z G JB n . " " " □ 

Remark 3.7. If si = ■ ■ ■ = s n = so that g(z) = h(\z\) for a non-constant 
bounded measurable function h on [0,1), then Theorem shows that for 
f G I? a , Tf commutes with T g if and only if f(e lS z) = f(z) for almost all 
z G B n , almost all flel. In the one dimensional case, those functions are 
exactly radial functions. So we recover Cuckovic and Rao 's result. 

Remark 3.8. If g{z) = \z%\ ■ ■ ■ |z n _ i|/t(|z|) for some bounded measurable 
function h on [0, 1) ZZien Theorem \l.S\ shows that for f G L 2 a , Tf commutes 
with T g if and only if f(z) = f(e l6 z) = f(\zi\, . . . , \z n -i\, z n ) for almost all 
S £ 1 and almost all z G B n . This is equivalent to the condition that 
f(z) = f(\zi\, . . . , \z n \) for almost all z G B n . 
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